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SPECIFIC FEATURES OF SOLVING THE PROBLEM OF COMPRESSION
OF AN ORTHOTROPIC PLASTIC MATERIAL BETWEEN ROTATING PLATES

S. E. Alexandrov UDC 539.374

An instantaneous flow with compression of a wedge-shaped layer of a rigid-plastic orthotropic material
between rotating plates is considered under the assumption that the principal axes of anisotropy are
rays emanating from the wedge angle and lines orthogonal to them and that the maximum friction
law is valid on the plate surfaces. The solution is reduced to quadratures, and its asymptotic analysis
is performed. It is found that the solution is singular near the friction surface in the general case,
and conditions at which the singularity disappears are given. It is demonstrated that a rigid area can
arise near the friction surface. The behavior of the resultant solution near the friction surfaces is
compared with the behavior of known solutions for other models of rigid-plastic materials.
Key words: singularity, friction, analytical solution, plastic anisotropy.

In some models of rigid-plastic materials, the solutions are singular near the maximum friction surfaces
(in particular, some derivatives of the projections of the velocity vector and the stress tensor components tend to
infinity near such surfaces). The general asymptotic analysis of the behavior of solutions was performed in [1] for
an arbitrary flow of an ideal rigid-plastic material satisfying an arbitrary smooth yield condition independent of the
mean stress, in [2] for an axisymmetric flow of a material satisfying the Tresca yield condition, in [3] for a plane flow,
and in [4] for an axisymmetric flow of a material satisfying the double shear model (the model itself is described in
[5]). In all cases, the equivalent strain rate (second invariant of the strain rate tensor) near the maximum friction
surface during slipping was found to tend to infinity in an inverse proportion to the square root from the distance to
this surface. Solutions of problems for various material models show that this property of the velocity field depends
on the material model [6-10]. The singular behavior of the velocity field allows new theories to be proposed to
describe the changes in the material properties in a thin layer near the friction surfaces [11, 12].

A solution of a model problem of an instantaneous flow of a wedge-shaped layer of a rigid-plastic orthotropic
material satisfying the model [13] between rotating plates with the maximum friction law on the plate surfaces is
obtained in the present work. Solutions of this problem for different material models make it possible to find some
specific features of these solutions, including their singular character [7, 8, 14]. Other solutions of model problems
within the framework of the anisotropic plasticity theory were obtained in [15, 16], where the asymptotic analysis
of solutions in the vicinity of the maximum friction surfaces was not performed.

Let us consider an instantaneous plane flow of a plastic orthotropic material compressed between two plates
rotating with an angular velocity w with respect to the point O (Fig. 1). Assuming that there is no drain at the
point O, we introduce a polar coordinate system (r, #) with the origin at the point O. As § = 0 is considered as the
axis of symmetry, it is sufficient to obtain the solution at 8 > 0. If the principal axes of anisotropy coincide with
the coordinate axes of the polar coordinate system, the yield condition proposed in [13] is written in the form
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Fig. 1. Geometry of the problem.

where 0., 0gg, and o9 are the stress tensor components, 7' is the shear yield stress in the principal axes of
anisotropy, and 1 > ¢ > —oo is a parameter calculated on the basis of the yield stresses of the material in the
principal axes of anisotropy [13] (the value ¢ = 0 corresponds to an isotropic material). The low rule associated
with the yield condition (1) has the form
A A
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where .., o, and &9 are the component of the strain rate tensor; A > 0. In the case considered, the equilibrium
equations have the form

(Orr — 066), &ro = 2M0r0, (2)
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and the boundary conditions on the axis of symmetry are
r = 07 4
ore|,_, (4)
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(up is the circumferential velocity). On the plate surface (8 = 6y) (see Fig. 1), we specify the circumferential velocity
ug = —wr (6)

and the friction law. Accepting the maximum friction law and taking into account the direction of the specific
friction forces 7y (see Fig. 1), we obtain the condition

=-T, (7)

are

0=00
which is valid during slipping; in the case of adhesion, it should be replaced by the condition

=0, (8)
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where u, is the radial velocity. The yield condition (1) is satisfied owing to the substitution
O =0 +T(1— )% cos 20, op9 =0 — T(1 — ¢)Y/? cos 20, org = —T'sin2v. 9)

As for most plastic solutions obtained by the semi-inverse method, we assume that the function ¢ depends only on
one spatial coordinate, in the case considered, on the coordinate . Then, the substitution of relations (9) into the
equilibrium equations (3) yields
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It follows from the second equation in (10) that 920 /0r 30 = 0. Then, the first equation in (10) yields

dy A o r
dd — cos2i T AlnR +o0¥). (11)

Here, the constant R is introduced for convenience, and () is an arbitrary function of ¢. It follows from
relations (9), (7) and the natural assumption o, > ogg that 0 < ¢ < 7/4; hence, the inequality diy/df > 0 should
be satisfied at ) = /4 (or § = y). Then, Eq. (11) yields

A0, (12)
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The solution of the first equation in system (11) can be written in elementary functions, but it is more convenient
to write it in the form

b
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Solution (13) with allowance for Eq. (9) satisfies the boundary condition (4).

In the case of slipping, it follows from Egs. (7) and (9) that ¢ = 7/4 at § = 6y, and the value of A is found
from Eq. (13):
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Taking into account inequality (12) and assuming that A = 0, we find, from Eq. (14), the maximum value of 6y at
which the solution for the case of adhesion is obtained:

Ommax = (1 — )Y 21 /4. (15)

Substituting the value of o from the second equation of (11) into the second equation of (10) and eliminating di/df
with the help of the first equation of (11), we obtain
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The solution of Eq. (16) can also be written in elementary functions, but it is more convenient to write it in the
form

(16)
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where Ay is an arbitrary constant whose value cannot be determined from the boundary conditions because of
plastic incompressibility of the material and unboundedness of the layer.
Taking into account Eq. (9), we write Eqgs. (2) in the form
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We use the velocity field in the form
_ wr dg(y) _
Uy = 9 4p ug = —wrg(yY), (18)

were g(1) is an arbitrary function of ¢ [the first equation of system (17) is satisfied with an arbitrary choice of this
function]. The boundary condition (5) is transformed to

=0 (19)

and the boundary condition (6) in the case of slipping on the friction surface is presented as

d

g}w:m —1. (20)
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Fig. 2. Dependence of A on the angle between the plates 0y for ¢ = 0.9 (1), 0 (isotropic material) (2),
and —3 (3).

Fig. 3. Dimensionless strain rate intensity factor d versus the angle between the plates 6y for different
values of the parameter ¢ (notation the same as in Fig. 2).

Substituting Eq. (18) into the second equation of system (17), assuming that G = dg/df, and passing to differenti-
ation with respect to 1 with the use of Eq. (11), we obtain

dG  2(1—¢)/?Gsin2y
dp  A—(1—c)/2cos21p

Integrating Eq. (21), we find G' = Go[(1—c)'/? cos 21) — A] (G = const). Using the solution obtained, the definition
for the function G, and relations (11), we obtain the equation dg/dy = Gg cos 2¢; integration of this equation with
allowance for the boundary condition (19) yields

g = (1/2)Gosin 2¢. (22)

Taking into account the boundary condition (20), we find Gy = 2. Then, we obtain g = sin 2¢) from Eq. (22), and
Eqgs. (18) and (11) yield the velocity field in the form

uy, = wrl(1 —¢)'/? cos 2 — A, ug = —wrsin 22). (23)
We determine the equivalent strain rate &oq = 1/2/3 (€2, + €2, + 2¢2,)'/2 from Egs. (11) and (23):
foq = (2/V3)w[(1 — €)% cos 20 — AJ[1 + (1 — ¢) tan 2 2¢] /2.

(21)

The equivalent strain rate near the friction surface acquires the form

foq = —A(L =) Pw/[V3(m/d =) +ol(r/4 =)', & —7/4, (24)
and the solution of the first equation of (11) becomes
O — 0 =AM (/4 —v) +ol(n/A—v)*, Y —7/4 (25)
It follows from Eqs. (24) and (25) that
beq = V—A(L—)"2w/[V3 (00— )"/ +0[(60 — 0)"V/3], 06— b, (26)

Such an asymptotic presentation of the equivalent strain rate coincides with the corresponding presentation used
in some theories of a rigid-plastic body [see, e.g., 1-4, 9, 10]. In particular, Eq. (26) can be used to determine the
strain rate intensity factor, which was introduced in [1]:

D = w[-A(1 — ¢)r/3]1/2 (27)
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It follows from Eqs. (26) that the singularity in the velocity field disappears at 0y = Opax [the quantity Opax
is determined in Eq. (15) with A = 0]. According to Eq, (27), in particular, the strain rate intensity factor vanishes.
In addition, it follows from the expression for the radial velocity (23) that the adhesion condition (8) is satisfied in
this case.

Thus, the behavior of the solution of the boundary-value problem posed depends on the value of §y. According
to Egs. (26), in particular, the equivalent strain rate near the maximum friction surface tends to infinity at 8y < Omax,
and the slipping condition is valid. At 6y = Onax, the singularity disappears, the material is in the plastic state,
and the adhesion condition is satisfied. At 0y > €.y, the adhesion condition holds, the region 0y > 0 > 0.y 1S
rigid, and the solution in the region 6, > 6 > 0 is the same as that in the case with 6y = Oy ax.

Figure 2 shows the dependence A(fy) calculated by Eq. (14) for different values of the parameter ¢ character-
izing plastic anisotropy. Figure 3 shows the dimensionless strain rate intensity factor d = D/(wr'/?) as a function
of 0y, which was calculated by Eq. (27), for different values of the parameter ¢. It is seen from Fig. 3 that plastic
anisotropy exerts a significant effect on the magnitude of the strain rate intensity factor. It should be taken into
account in calculations based on the theories [11, 12].

Thus, the solution near the friction surfaces is demonstrated to be singular in the general case, and conditions
are given at which the singularity disappears.

This work was supported by the Russian Foundation for Basic Research (Grant No. 08-01-00700) and
Council on Grants of the President of the Russian Federation on the Support of Young Russian Scientists and
Leading Scientific Schools (Grant No. NSh-134.2008.1).

REFERENCES

1. S. Alexandrov and O. Richmond, “Singular plastic flow fields near surfaces of maximum friction stress,” Int.
J. Non-Linear Mech., 36, No. 1, 1-11 (2001).
2. S. Alexandrov and O. Richmond, “Asymptotic behavior of the velocity field in an axisymmetric flow of a
material satisfying the Tresca condition,” Dokl. Ross. Akad. Nauk, 360, No. 4, 480-482 (1998).
3. S. E. Alexandrov and E. A. Lyamina, “Singular solutions for a plane plastic flow of materials sensitive to the
mean stress,” Dokl. Ross. Akad. Nauk, 383, No. 4, 492-495 (2002).
4. S. E. Alexandrov, “Singular solutions in an axisymmetric flow of a medium obeying the double shear model,”
J. Appl. Mech. Tech. Phys., 46, No. 5, 766-772 (2005).
5. A. J. M. Spencer, “Deformation of ideal granular materials,” in: H. G. Hopkins and M. J. Sewell (eds.), in:
Mechanics of Solids: The Rodney Hill 60th Anniversary Volume, Pergamon Press, Oxford (1982), pp. 607-652.
6. S. Alexandrov, “Comparison of double-shearing and coaxial models of pressure-dependent plastic flow at fric-
tional boundaries,” Trans. ASME, J. Appl. Mech., 70, No. 2, 212-219 (2003).
7. S. E. Alexandrov, “Singular solutions in one model of plasticity with the yield condition depending on the
mean stress,” in: D. M. Klimov (ed.), Problems in Mechanics (collected papers to the 90th anniversary of
A. Yu. Ishlinskii) [in Russian], Fizmatlit, Moscow (2003), pp. 77-86.
8. S. E. Alexandrov and E. A. Lyamina, “Qualitative distinctions in the solutions based on the plasticity theories
with the Mohr—Coulomb yield criterion,” J. Appl. Mech. Tech. Phys., 46, No. 6, 883-890 (2005).
9. S. Alexandrov and D. Harris, “Comparison of solution behaviour for three models of pressure-dependent plas-
ticity: a simple analytical example,” Int. J. Mech. Sci., 48, No. 7, 750-762 (2006).
10. S. Alexandrov and G. Mishuris, “Viscoplasticity with a saturation stress: distinguished features of the model,”
Arch. Appl. Mech., 77, No. 1, 35-47 (2007).
11. E. Lyamina, S. Alexandrov, D. Grabco, and O. Shikimaka, “An approach to prediction of evolution of material
properties in the vicinity of frictional interfaces in metal forming,” Key Eng. Mater., 345/346, 741-744 (2007).
12. S. E. Alexandrov and E. A. Lyamina, “Nonlocal fracture criterion near the friction surfaces and its application
to the analysis of drawing and extrusion processes,” Probl. Mashinostr. Nadezh. Mashin, No. 3, 62-68 (2007).
13. R. Hill, The Mathematical Theory of Plasticity, Clarendon Press, Oxford (1985).
14. S. E. Alexandrov and E. A. Lyamina, “Compression of a plastic material sensitive to the mean stress by rotating
plates,” Izv. Ross. Akad. Nauk, Mekh. Tverd. Tela, No. 6, 50-60 (2003).
15. 1. F. Collins and S. A. Meguid, “On the influence of hardening and anisotropy on the plane-strain compression
of thin metal strip,” Trans. ASME, J. Appl. Mech., 44, No. 2, 271-278 (1977).
16. I. A. Kiiko, “Anisotropy in flow processes in a thin plastic layer,” Prikl. Mat. Mekh., 70, No. 2, 344-351 (2006).

890




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 225
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


